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The Biot theory of poroelasticity along with the proper cylindrical/spherical wave-ﬁeld transformations are used to
investigate general (nonaxisymmetric) harmonic radiation from a spherical surface vibrating at the center of a ﬂuid-ﬁlled
circular cylindrical cavity embedded within a ﬂuid-saturated porous elastic formation. This conﬁguration, which is a real-
istic idealization of an acoustic logging tool suspended in a ﬂuid-ﬁlled borehole, is of practical importance with a multitude
of possible applications in seismic engineering and geophysics. The analytical results are illustrated with numerical exam-
ples in which the spherical source suspended at the center of a water-ﬁlled borehole embedded within water-saturated soils
of distinct frame properties (i.e., soft or stiﬀ soils), is excited in vibrational modes of various orders. The basic acoustic and
elastic ﬁeld quantities such as the resistive/reactive components of the modal acoustic radiation impedance load as well as
the radial displacement and stress components induced within the surrounding formation for a pulsating (n = 0), an oscil-
lating (n = 1), and a quadrupole-like (n = 2) spherical source are evaluated and discussed for representative values of the
parameters characterizing the system. Special attention is paid to the eﬀects of source excitation frequency, size, surface
velocity proﬁle, and internal impedance as well as soil type on the modal impedance values and the displacement/stress
amplitudes. Limiting cases are considered and fair agreements with well-known solutions are obtained.
 2007 Elsevier Ltd. All rights reserved.
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Analytical solutions of interior or exterior boundary value problems in various ﬁelds such as in potential
theory, acoustics and electromagnetism are severely limited by the shape of boundaries. In particular, when
multiple surfaces are present in a sound ﬁeld, there is an acoustical (mutual) interaction between them due
to cross radiation/scattering. Many researchers have studied acoustic ﬁelds in multiply-connected mediums.
Utilizing the translational addition theorem for spherical wave functions (Ivanov, 1970), axisymmetric acous-0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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positioned wholly outside a ﬂuid sphere is examined by Thompson (1976). Likewise, axisymmetric acoustic
coupling between two ﬁnite-sized spherical sources is studied by Thompson (1977, 1983). The author also ana-
lyzed acoustic radiation from a spherical source embedded eccentrically within a ﬂuid sphere and vibrating
with an arbitrary, axisymmetric, time-harmonic velocity (Thompson, 1973). More recently, this analysis is
generalized for description of nonaxisymmetric acoustic ﬁeld problems involving nonconcentric spherical
boundaries (Lease and Thompson, 1991a). In a companion paper (Lease and Thompson, 1991b), numerical
results are presented for the speciﬁc case of two identical monopole sources within a ﬂuid sphere that is embed-
ded in another inﬁnite ﬂuid medium. Acoustic radiation from a ﬁnite-sized spherical source submerged in
semi-inﬁnite or bounded mediums have also received substantial attention. The problem of radiation loading
on a spherical source freely suspended in a ﬂuid-ﬁlled spherical cavity embedded within a ﬂuid-inﬁltrated elas-
tic porous medium is tackled by Hasheminejad (1998). Likewise, the modal acoustic radiation impedance load
on a spherical surface undergoing angularly periodic axisymmetric harmonic vibrations while immersed near
the locally reacting planar boundary of an acoustic half space is recently determined (Hasheminejad, 2001).
The method of images is employed by Hasheminejad and Azarpeyvand (2003) to study the general nonaxisym-
metric problem of harmonic acoustic radiation from a modally vibrating sphere near the rigid/resilient bound-
ary of an acoustic half space. Also, the latter approach has been employed by Hasheminejad and Azarpeyvand
(2006a) to investigate acoustic radiation load on a ﬁnite-size spherical source which is submerged at an arbi-
trary point within a plane-parallel sound channel with absolutely reﬂecting boundaries.
There has been a progressing interest in borehole acoustics due to its multitude of applications in well
logging technologies and geophysical investigations. In particular, interior problems involving a source
inside a borehole are of special importance in investigation of oil reservoir properties (e.g., porosity, per-
meability, phase and shear velocities). Theoretical investigation of wave propagation phenomena in circu-
lar boreholes dates back to Biot’s analysis on propagation of elastic waves in a ﬂuid-ﬁlled cylindrical bore,
where plots of phase and group velocity as a function of wavelength to diameter ratio were presented and
discussed (Biot, 1952). Heelan (1953) examined P- and S-wave radiation patterns from an empty borehole
and White and Sengbush (1963) formulated the eﬀect of ﬂuid by combining Heelan’s solution with an ele-
mentary tube wave propagating along a source hole. Ingram (1963) presented a treatment of waves due to
a point-dilatational source on the axis of a ﬂuid-ﬁlled hole using contour and numerical integration.
Roever et al. (1974) reported measurements on acoustic waves generated by an impulsive source in a
ﬂuid-ﬁlled borehole and theoretically analyzed the problem by means of modal and ray-type expansions.
Peterson (1974) investigated phenomena of elastic wave propagation from a point source located in a
ﬂuid-ﬁlled cylinder and gave detailed consideration to the natural mode wave propagation for either ﬂuid
or elastic solid surroundings of inﬁnite extent. Tsang and Rader (1979) described two numerical methods
for computing the proﬁle and parameter dependence of the transient waveform based on a model of the
acoustic logging problem consisting of a point source on the axis of a ﬂuid-ﬁlled cylindrical borehole.
Kitsunezaki (1980) proposed a source system (i.e., a sonde consisting of a source, a ﬁlter tube, and receiv-
ers) suspended freely in water contained in a borehole to facilitate reliable evaluation of shear wave char-
acteristics in the borehole. Lee and Balch (1982) considered two kinds of sources (e.g., a volume
displacement point source acting on the axis of a borehole, and a uniform radial stress source acting
on the wall of a borehole) to study far-ﬁeld radiation of compressional P and shear S waves into the sur-
rounding medium from a ﬂuid-ﬁlled borehole embedded in an inﬁnite elastic medium and also the tube
waves propagating along the borehole, using a low-frequency approximation. Kurkjian (1983) placed an
isotropic point source on the axis of an inﬁnite ﬂuid-ﬁlled cylinder surrounded by an inﬁnite solid forma-
tion and obtained an exact solution for the ﬁeld in the hole in the frequency–wavenumber domain. Chan
and Tsang (1983) applied the method of real axis integration to compute the acoustic waveform due to a
point source in a ﬂuid-ﬁlled borehole surrounded by a concentrically layered transversely isotropic forma-
tion. Tsang (1985) used the hybrid method, which consists in converting the head wave branch-cut con-
tribution into discrete modes together with the normal modes, to solve the fundamental acoustic logging
problem of a pulsed point source surrounded by both vertical and horizontal boundaries. Kurkjian (1985)
followed Roever et al. (1974) to model the acoustic logging problem, and numerically computed the indi-
vidual arrivals at far-ﬁeld receivers excited by an acoustic source in a borehole. Kurkjian and Chang
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and particularly examined the ﬁrst three orders of multipoles (i.e., the monopole, dipole, and quadrupole)
in detail. They formulated an exact frequency–wavenumber domain representation of the acoustic ﬁeld in
the borehole due to the multipole source and used numerical methods to compute synthetic space-time
domain waveforms. Winbow (1991) used theoretical modeling, based on the equations of linear elasticity,
to analyze the performance of downhole seismic sources, speciﬁcally, symmetrical radial sources which
exert outward pressure on a length of the borehole wall and vertically driven sources clamped to the bore-
hole wall. Ben-Menahem and Kostek (1991) reduced the elastodynamic body-wave ﬁeld outside a ﬂuid-
ﬁlled open borehole due to a monopole source in the ﬂuid, to the radiation-ﬁeld due to a suitable equiv-
alent force system (EFS) in the absence of the borehole, consisting of a monopole plus a vertical dipole.
Zhang and Li (1992) numerically calculated the space distribution of the whole ﬁeld at successive instants
of time inside and outside a ﬂuid-ﬁlled borehole in an elastic medium radiated by an acoustic source on
the axis of the borehole. Yu and Yu (1992) solved the problem of acoustic wave propagation in an invis-
cid-ﬂuid-ﬁlled borehole drilled in an unbounded viscoelastic medium excited by a point source on the axis
in the lowest order of approximation when the solid material viscosity is much smaller than the elasticity.
Bouchon (1993) used a boundary element technique to present a method of calculation to simulate the
propagation of acoustic and elastic waves generated by a borehole source embedded in a layered medium.
Zhang et al. (1994) systematically analyzed and numerically simulated the acoustic ﬁeld excited by multi-
pole sources in a ﬂuid-ﬁlled borehole surrounded by a transversely isotropic elastic solid. Grinchenko and
Komissarova (1997) investigated the sound ﬁeld due to radiation of a point source inside an elastic hollow
cylinder positioned in an acoustical medium including the eﬀects of geometrical and physical characteris-
tics of the elastic cylinder and ﬁlling liquid. Shen and Zhang (2000) calculated the three-dimensional
acoustic ﬁeld along a ﬂuid-ﬁlled cylindrical borehole in an elastic medium generated by a point source
in the hole and close to the wall. Tadeu and Santos (2001) used the boundary element method (BEM)
to evaluate the three-dimensional wave ﬁeld elicited by monopole sources in the vicinity of a ﬂuid-ﬁlled
borehole with noncircular cross section. Antonio and Tadeu (2004) implemented a boundary element
method (BEM) solution to simulate the crosswell surveying using a monopole or a dipole source placed
near the boundary of the host borehole, while the pressure ﬁeld is recorded in the receiver borehole. Guan
et al. (2006) investigated the electromagnetic ﬁeld induced by acoustic waves in a porous formation when
the borehole acoustic sources are respectively a monopole, a dipole and a quadrupole. Lin et al. (2006)
used a three-dimensional staggered ﬁnite-diﬀerence method to investigate acoustic wave propagation from
monopole and dipole sources in an inclined ﬂuid-ﬁlled borehole embedded in isotropic inclined layered
formations.
In contrast to the numerous research works which treat a point source in an acoustic borehole, there
are very few theoretical analyses relating a ﬁnite size spherical source or scatterer in a cylindrical cavity
(waveguide), mainly due to the complexity of solution procedure. Olsson (1994) applied the null-ﬁeld
approach to investigate the scattering of elastic waves by a spherical obstacle in an inﬁnite circular cylin-
drical rod with vanishing surface traction. Linton (1995) used multipole expansions to solve the problem
of the acoustic scattering of an arbitrary mode in a circular cylindrical waveguide by a sphere situated on
its axis. He considered both hard and soft boundary conditions for both the guide and the sphere. In a
series of papers, Kubenko and coworkers employed the axisymmetric cylindrical to spherical wave trans-
formations to study the acoustic ﬁeld in a rigid cylindrical vessel excited by an internal ﬁnite spherical
oscillator (Kubenko and Dzyuba, 2000a), the dynamic interaction between an oscillating sphere and an
encapsulating thin elastic cylindrical shell ﬁlled with (immersed in) a compressible liquid (Kubenko and
Dzyuba, 2001; Dzyuba and Kubenko, 2002), the dynamic interaction of a semi-inﬁnite elastic cylindrical
shell with a liquid containing a vibrating spherical segment (Kubenko and Savin, 2002), and the dynamic
interaction of an oscillating sphere and an encapsulating ﬂuid-ﬁlled elastic cylindrical shell embedded in an
elastic medium (Kubenko and Dzyuba, 2004). In a closely related problem, Lee (2003) used Fourier trans-
forms to solve the axisymmetric wave equation associated with scattering of torsional elastic waves by a
spherical cavity located symmetrically in an inﬁnitely long circular cylinder. Just recently, Kubenko and
Dzyuba (2006) proposed a method to investigate the so-called resonant phenomena of an axisymmetric
system consisting of an inﬁnite thin elastic cylindrical shell immersed in an inﬁnite elastic (compressible
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subjected to periodic excitation.
In this paper, we employ the features of Biot dynamic theory of poroelasticity in combination with the
proper transformations of spherical to cylindrical (and vice versa) wave functions to theoretically study the
acoustic radiation from a spherical source undergoing nonaxisymmetric time-harmonic modal surface vibra-
tions in a ﬂuid-ﬁlled circular cylindrical cavity embedded within a permeable elastic formation (see Fig. 1a).
The proposed model is of interest due to its inherent value as a canonical problem in structural and seismo-
acoustics. The presented analysis can lead to a better understanding of dynamic response of downhole sources
(acoustic well logging tools) that are commonly encountered in seismic engineering and geophysics (Tsang and
Rader, 1979; Tsang, 1985; Kurkjian, 1985). The presented exact solution can serve as the benchmark for com-
parison to other solutions obtained by strictly numerical or asymptotic approaches. It can readily be extended
to the case of arbitrary disposal of spherical oscillators inside the borehole by the use of general form of the
translational addition theorem for spherical wave functions (Hasheminejad and Azarpeyvand, 2003).xx
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Fig. 1. (a) Problem geometry. (b) General classiﬁcation of source vibration in the borehole.
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2.1. Basic acoustic ﬁeld equations
The geometry and the coordinate systems of general problem are depicted in Fig. 1b. We consider an inﬁ-
nitely long cylindrical cavity embedded within a permeable formation, ﬁlled with a perfect (inviscid and ideal)
compressible ﬂuid of density q0, sound speed c0 and containing a ﬁnite-size spherical radiator at its center. It is
assumed that the origin of the spherical coordinates (r,h,/) and cylindrical coordinates (R,/,z) coincide with
each other. The spherical surface is supposed to be undergoing time-harmonic surface oscillations with the
circular frequency x. Moreover, the vibration of the spherical source is assumed to be dependent on h- and
/-directions simultaneously. The basic ﬁeld equations in the cavity ﬂuid may conveniently be expressed in
terms of a scalar velocity potential u as (Skudrzyk, 1971)_s ¼ ru; p ¼ iq0xu; ð1Þ
where p is the acoustic pressure, over-dot denotes diﬀerentiation with respect to time, and u designates the
compressional wave propagating in the ideal ﬂuid which satisﬁes the classical Helmholtz equationr2uþ k2u ¼ 0; ð2Þ
in which k = x/c0 is the acoustic wavenumber, and harmonic time variations are assumed throughout the for-
mulation with eixt dependence suppressed for simplicity. Also, the general outgoing spherical waves in the
cylindrical cavity may simply be expressed in the spherical coordinates as (Skudrzyk, 1971)usðr; h;/;xÞ ¼
X1
n¼0
X1
m¼n
AmnðxÞhmðkrÞPnmðcos hÞ cosðn/Þ; ð3Þwhere Amn(x) are unknown modal coeﬃcients, hm are spherical Hankel functions of ﬁrst kind of order m, and
Pnm are the associated Legendre functions of order m and degree n (Abramowitz and Stegun, 1965). Subsequent
use of the transformation (Kubenko, 1987; Kubenko and Dzyuba, 2000b)hmðkrÞPnmðcos hÞ ¼
inm
2k
Z þ1
1
Pnmðf=kÞHn
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2  f2
q
R
 
eifz df; ð4Þin Eq. (3), yields the representation of spherical wave functions in cylindrical coordinates asus=cðR;/; z;xÞ ¼
X1
n¼0
Z 1
1
b1nðf;xÞHnðcRÞeifz cosðn/Þdf; ð5Þwhere c ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2  f2
p
, r ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ z2
p
, Hn is cylindrical Hankel function of ﬁrst kind of order n (Abramowitz and
Stegun, 1965), andb1nðf;xÞ ¼ 1
2k
X1
m¼n
AmnðxÞinmPnmðf=kÞ: ð6ÞSimilarly, the cylindrical wave reﬂected from the borehole surface may simply be expressed as (Morse and
Feshbach, 1953)ucðR;/; z;xÞ ¼
X1
n¼0
Z 1
1
b2nðf;xÞJnðcRÞeifz cosðn/Þdf; ð7Þwhere Jn is the cylindrical Bessel function of ﬁrst kind of order n (Abramowitz and Stegun, 1965), and b2n(f,x)
is an unknown reﬂection coeﬃcient which will be determined later by application of the appropriate boundary
conditions. Moreover, subsequent use of the transformation (Kubenko, 1987; Stratton, 1941)JnðcRÞeifz ¼
X1
m¼n
imnð2mþ 1Þ ðm nÞ!ðmþ nÞ! P
n
mðf=kÞjmðkrÞPnmðcos hÞ; ð8Þ
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X1
n¼0
X1
m¼n
BmnðxÞjmðkrÞPnmðcos hÞ cosðn/Þ; ð9Þwhere uc/s is the representation of cylindrical wave functions in spherical coordinates, andBmnðxÞ ¼ imnð2mþ 1Þ ðm nÞ!ðmþ nÞ!
Z þ1
1
b2nðf;xÞPnmðf=kÞdf: ð10Þ2.2. Poroelastic model
Before proceeding to analyze the full problem, we shall ﬁrst brieﬂy review salient features of theory of wave
propagation in poroelastic materials. On a microscopic scale, sound propagation in porous materials is gen-
erally diﬃcult to study due to the complicated geometries of the frames. In Biot model the medium is taken to
be a macroscopically homogeneous and isotropic two-component solid/ﬂuid system with the same macro-
scopic bulk properties as the real porous material. Denoting the average macroscopic displacement of the solid
frame and the saturating ﬂuid on the elementary macroscopic volume (EMV) by the vectors u and U, respec-
tively, the macroscopic stress tensor rij and the mean pore ﬂuid pressure pp are given by Hasheminejad and
Hosseini (2002)rij ¼ ðkfe bMnÞdij þ 2leij;
pp ¼ Mðn beÞ;
ð11Þ
where dij ¼ 0 i 6¼ j1 i ¼ j is the Kronecker symbol andkf ¼ K f  2
3
l; M ¼ 1=½ðb /0Þ=Ks þ /0=K fl;
K f ¼ /0ð1=Ks  1=K flÞ þ 1=Ks  1=Ko/0=Koð1=Ks  1=K flÞ þ 1=Ksð1=Ks  1=KoÞ
;
eij ¼ ðui;j þ uj;iÞ=2; b ¼ 1 Ko=Ks;
n ¼ r  w ¼ /0ðe eÞ; e ¼ r  u; e ¼ r U
ð12Þin which l is the shear modulus of the bare skeletal frame, /0 the pore volume fraction (porosity), Ko the bulk
modulus of the dry skeleton, Ks the bulk modulus of the material constituting the elastic matrix, Kﬂ the bulk
modulus of the saturating ﬂuid, Kf the bulk modulus of the closed system, and w = /0(U  u) is the ﬁltration
displacement vector.
The coupled equations of motion governing the displacements of the solid matrix and interstitial liquid with
dissipation taken into account, are written as (Hasheminejad and Hosseini, 2002)ðkþ 2lÞrr  uþ Qrr U  lrr u ¼ q11€uþ q12 €U þ bð _u _UÞ;
Qrr  uþ /20Mrr U ¼ q12€uþ q22 €U þ bð _u _UÞ;
ð13Þwherek ¼ kf þ /0Mð/0  2bÞ; q11 ¼ qþ /0qflða 2Þ;
Q ¼ /0Mðb /0Þ; q12 ¼ /0qflð1 aÞ;
q ¼ ð1 /0Þqs þ /0qfl; q22 ¼ q q11  2q12 ¼ a/0qfl;
ð14Þin which qs is the density of solid matrix, qﬂ the density of saturating ﬂuid, q the total mass density of ﬂuid-
saturated material, a the tortuosity of the porous medium, and the eﬀective densities q11,q12,q22 are frequency-
independent parameters relying on the geometry of porous medium and the density of saturating ﬂuid. Fur-
thermore, a very simple and fairly accurate model for description of coupling factor, b(x), is given by (Johnson
et al., 1987)
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2
0g
k
1 i 4a
2j2qflx
gK2/20
( )1
2
; ð15Þwhere j is the absolute permeability of the medium, g is the saturating ﬂuid viscosity, and K  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ8aj=/0p is the
viscous characteristic length.
Helmholtz decomposition theorem allows us to resolve the displacement ﬁelds as superposition of longitu-
dinal and transverse vector components (Kurkjian and Chang, 1986)u ¼ rUþrW;
U ¼ rvþrH; ð16Þwhere W = Wez + $ ·Wez, H = H ez + $ · Xez. Substituting the above resolutions into Biot’s ﬁeld equations
of motion (13), we obtain two sets of coupled equations which may further be manipulated to yield simple
Helmholtz-type equations (Hasheminejad and Hosseini, 2002):r2Uf;s þ k2f ;sUf ;s ¼ 0; r2wþ k2tw ¼ 0; r2Wþ k2tW ¼ 0; ð17Þ
where kf, ks, and kt which designate the complex wave numbers of the fast compressional, slow compressional,
and the elastic shear waves, respectively, are given ask2f ;s ¼
B
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
B2  4AC
p
2A
; k2t ¼
C
lðq22x2 þ ixbÞ
; ð18ÞwhereA ¼ ðkþ 2lÞ/20M Q2; C ¼ x2 x2ðq11q22  q212Þ þ ixqb
 
B ¼ x2 q11/20Mþ q22ðkþ 2lÞ  2q12Q
 þ ixbðkþ 2lþ 2Qþ /20MÞ; ð19ÞFurthermore, with some manipulations, the potentials U, v, H, and W may be expressed asU ¼ Uf þ Us; v ¼ lfUf þ lsUs;H ¼ a0W; ð20Þ
wherelf;s ¼
x2 q11/
2
0M q12Q
 	 k2f ;s ðkþ 2lÞ/20M Q2 þ ixb Qþ /20M 	
x2 q22Q q12/20M
 	þ ixb Qþ /20M 	 ;
a0 ¼ x
2q12  ixb
x2q22 þ ixb
:
ð21ÞAlso, the solid and liquid displacements in R-, /-, and z-directions in terms of displacement potentials in the
surrounding poroelastic medium are written asuR ¼ oUoR þ
ow
Ro/
þ o
2W
oRoz
; UR ¼ ovoRþ
oH
Ro/
þ o
2X
oRoz
;
u/ ¼ oURo/
ow
oR
þ o
2W
Ro/oz
; U/ ¼ ovRo/
oH
oR
þ o
2X
Ro/oz
;
uz ¼ oUoz r
2Wþ o
2W
oz2
Uz ¼ ovoz r
2Xþ o
2X
oz2
;
ð22ÞMoreover, expressions for the frame and liquid dilatation can be manipulated to yield (Hasheminejad and
Hosseini, 2002)e ¼ r:u ¼ r2U ¼ r2Uf þr2Us ¼ k2fUf  k2sUs;
e ¼ r:U ¼ r2v ¼ lfr2Uf þ lsr2Us ¼ lfk2fUf  lfk2sUs;
ð23Þwhere r2 ¼ 1R ooR R ooR
 	þ 1
R2
o2
o/2
þ o2oz2 is the Laplacian in the cylindrical coordinates. Lastly, utilizing Eqs. (11),
(12), (20), and (22), pore ﬂuid pressure and the relevant stress components are expressed as
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ouR
oR
 
; rRz ¼ l ouRoz þ
ouz
oR
 
;
rR/ ¼ lR R
ou/
oR
 u/ þ ouRo/
 
; ð24Þwhere af,s = kf + /0bM(1  lf,s) and bf,s = b + /0(lf,s  1).
Now the general solutions of Eq. (17), corresponding to the fast dilatational, slow dilatational, and shear
waves radiated outward into the surrounding poroelastic medium are respectively written in the cylindrical
coordinate system asUfðR;/; z;xÞ ¼
X1
n¼0
Z þ1
1
b3nðf;xÞHnðcfRÞeifz cosðn/Þdf;
UsðR;/; z;xÞ ¼
X1
n¼0
Z þ1
1
b4nðf;xÞHnðcsRÞeifz cosðn/Þdf;
W ðR;/; z;xÞ ¼
X1
n¼0
Z þ1
1
b5nðf;xÞHnðctRÞeifz cosðn/Þdf;
wðR;/; z;xÞ ¼
X1
n¼1
Z þ1
1
b6nðf;xÞHnðctRÞeifz sinðn/Þdf;
ð25Þwhere cf;s;t ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2f;s;t  f2
q
, and b3n (f,x) through b6n(f,x) are unknown transmission coeﬃcients which will be
determined next by application of the boundary conditions.
2.3. Boundary conditions
The only boundary condition at the spherical source (i.e., at r = a1) is the continuity of the normal surface
velocity, which implies that (Hasheminejad and Azarpeyvand, 2006b)Zivðr ¼ a1; h;/;xÞ ¼ Zi ouðr ¼ a1; h;/;xÞor þ ixq0uðr ¼ a1; h;/;xÞ
¼ Zi
X1
n¼0
X1
m¼n
vmnðxÞPnmðcos hÞ cosðn/Þ; ð26Þwhere u = us + uc/s, Zi is the internal impedance of the spherical source (Mechel, 2002), and vmn (x) are Fou-
rier–Legendre coeﬃcients. In view of the relations (3) and (9), the above boundary condition is written asAmn kh
0
mðka1Þ þ ikZrhmðka1Þ
 þ Bmn kj0mðka1Þ þ ikZrjmðka1Þ  ¼ vmn; ð27Þ
in which, Zr = q0c0/Zi = Zo/Zi, is the ratio of characteristic impedance of the ambient ﬂuid to the internal
source impedance. Furthermore, the appropriate set of conditions which have to be satisﬁed at the borehole
boundary (i.e., at R = a2) are (Hasheminejad and Badsar, 2004)
(i) compatibility of the normal stress in poroelastic medium with the acoustic pressure in the cavity ﬂuidrRR þ p ¼ 0; ð28aÞ
(ii) continuity of the normal component of ﬁltration velocity_wR ¼ /0ð _UR  _uRÞ ¼ _sR  _uR; ð28bÞ
(iii) consistency of the pressure drop and the normal component of the ﬁltration velocity_wR ¼ jsðp ppÞ; ð28cÞ
(iv) vanishing of circumferential and axial stress components at the borehole interfacerR/ ¼ 0; rRz ¼ 0; ð28d; eÞ
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nection between two media. For an open interface, we expect zero pressure drop (p = pp) and hence we have
js =1. To characterize a sealed interface (i.e for _w ¼ 0) we take js = 0.
Next, in order to satisfy the boundary condition (28a), we need to express the total acoustic pressure in the
cavity ﬂuid in the cylindrical coordinate system, i.e., we use (5) and (7) in 2nd of (1) to obtainpðR;/; z;xÞ ¼ iq0xðus=c þ ucÞ ¼ iq0x
X1
n¼0
Z 1
1
fb1nðf;xÞHnðcRÞ þ b2nðf;xÞJnðcRÞgeifz cosðn/Þdf: ð29ÞAlso, using (25) along with ﬁrst of (22) in second of (24), the total radial stress induced in the surrounding
formation can be written in the cylindrical coordinate system asrRRðR;/; z;xÞ ¼
Z þ1
1
afk
2
fHnðcfRÞ þ 2lc2fH 00nðcfRÞ
 
b3nðf;xÞ þ ask2sHnðcsRÞ þ 2lc2sH 00nðcsRÞ
 
b4nðf;xÞ


þ i2lfctH 0nðctRÞ
 
b5nðf;xÞ þ 2ln=a22 Hnðcta2Þ þ cta2H 0nðcta2Þ
 
b6nðf;xÞ

cosðn/Þeifz df:
ð30ÞSubstitution of (29) and (30) into (28a), and subsequent inverse Fourier transformation with respect to the z-
parameter (Kubenko and Dzyuba, 2001), leads to the following condition on the surface of the borehole:iq0xHnðca2Þb1nðf;xÞ þ iq0xJnðca2Þb2nðf;xÞ þ afk2fHnðcfa2Þ þ 2lc2fH 00nðcfa2Þ
 
b3nðf;xÞ
þ ask2sHnðcsa2Þ þ 2lc2sH 00nðcsa2Þ
 
b4nðf;xÞ þ i2lfc2tH 00nðcta2Þb5nðf;xÞ þ 2ln=a22
 	 Hnðcta2Þ½
þ cta2H 0nðcta2Þ

b6nðf;xÞ ¼ 0; ð31aÞSimilarly, applying the above procedure to the remaining boundary conditions (28b) through (28e) leads to cH 0nðca2Þb1nðf;xÞ  cJ 0nðca2Þb2nðf;xÞ þ ixcfH 0nðcfa2Þ½1þ /0ð1 lfÞb3nðf;xÞ
þ ixcsH 0nðcsa2Þ½1þ /0ð1 lsÞb4nðf;xÞ þ xfctH 0nðcta2Þ½1þ /0ða0  1Þb5nðf;xÞ
þ ðinx=a2Þ½ð/0  1Þ  a0/0Hnðcta2Þb6nðf;xÞ ¼ 0; ð31bÞ
iq0xjsa2Hnðca2Þb1nðf;xÞ þ iq0xjsa2Jnðca2Þb2nðf;xÞ þ ix/0nð1 lfÞ  jsbfMk2f a2
 
Hnðcfa2Þ


ix/0cfð1 lfÞa2Hnþ1ðcfa2Þgb3nðf;xÞ þ ix/0nð1 lsÞ  jsbsMk2sa2
 
Hnðcsa2Þ


ix/0csð1 lsÞa2Hnþ1ðcsa2Þgb4nðf;xÞ þ x/0fða0  1Þ½nHnðcta2Þ  cta2Hnþ1ðcta2Þf gb5nðf;xÞ
þix/0nHnðcta2Þð1 a0Þb6nðf;xÞ ¼ 0; ð31cÞ
½2nHnðcfa2Þ  2na2cfH 0nðcfa2Þb3nðf;xÞ þ ½2nHnðcsa2Þ  2na2csH 0nðcsa2Þb4nðf;xÞ þ i2nf½Hnðcta2Þ
 cta2H 0nðcta2Þb5nðf;xÞ þ ½c2t a22H 00nðcta2Þ þ cta2H 0nðcta2Þ  n2Hnðcta2Þb6nðf;xÞ ¼ 0; ð31dÞ
i2fcfH
0
nðcfa2Þb3nðf;xÞ þ i2fcsH 0nðcsa2Þb4nðf;xÞ  ð1=a32Þ c3t a32H 000n ðcta2Þ þ c2t a22H 00nðcta2Þ


þ½cta32f2  ðn2 þ 1Þcta2H 0nðcta2Þ þ 2n2Hnðcta2Þ

b5nðf;xÞ þ ðinf=a2ÞHnðcta2Þb6nðf;xÞ ¼ 0: ð31eÞThe system of boundary conditions (31) may advantageously be rewritten in the matrix formCb ¼ 0; ð32Þwhere b = [b1n,b2n,b3n,b4n,b5n,b6n]
T, and the pertinent expressions for Cij (i = 1,2, . . .5; j = 1,2, . . .6) are pro-
vided in the Appendix. By subsequent application of the method of Gaussian elimination (Gerald and Whea-
tly, 1999), the linear system of Eq. (32) can be put in the form,
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Q21 Q22 Q23 0 0 0
Q31 Q32 Q33 Q34 0 0
Q41 Q42 Q43 Q44 Q45 0
Q51 Q52 Q53 Q54 Q55 Q56
0
BBBBBB@
1
CCCCCCA
b1n
b2n
b6n
b5n
b4n
b3n
0
BBBBBBBB@
1
CCCCCCCCA
¼
0
0
0
0
0
0
BBBBBB@
1
CCCCCCA
; ð33Þwhere the appropriate expressions for the Qij coeﬃcients are provided in the Appendix. Consequently, the ﬁrst
row in the above matrix relation may be used to obtain the valuable relationf ðf;xÞ ¼ b2nðf;xÞ
b1nðf;xÞ ¼ 
Q11
Q12
; ð34Þwhere by careful examination of f(f,x) one can see that it is an even function. Next, making use of the expan-
sion (6) in (34), and subsequent substitution of the results into (10), we obtainBmnðxÞ ¼ i
mð2mþ 1Þðm nÞ!
2kðmþ nÞ!
Z þ1
1
X1
l¼n
ilAnlðxÞf ðf;xÞPnmðf=kÞPnl ðf=kÞdf: ð35ÞThe above useful relation can now be employed in the boundary condition (27), to getAmn½kh0mðka1Þ þ ikZrhmðka1Þ þ
imð2mþ 1Þðm nÞ!
2ðmþ nÞ! ½j
0
mðka1Þ þ iZrjmðka1Þ
X1
l¼n
ilXmlAnl ¼ vmn; ð36Þwhere Xml ¼
Rþ1
1 f ðf;xÞPnmðf=kÞPnl ðf=kÞdf. Finally, keeping in mind that f(f,x) is an even function, as well as
the special even/odd property of products of Legendre polynomials (Abramowitz and Stegun, 1965), it can be
readily deduced thatXml ¼ 2
Rþ1
0
f ðf;xÞPnmðf=kÞPnl ðf=kÞdf; mþ l is even
0; mþ l is odd
(
: ð37ÞThe inﬁnite linear system of algebraic Eq. (36) falls into the class of systems of normal type which can readily
be numerically solved for the unknown Amn(x) coeﬃcients.
2.4. Acoustic radiation impedance
The ﬂuctuating acoustic pressure on the surface of a vibrating body constitutes its radiation loading. The
radiation loading on a spherical surface excited in vibrational modes of various orders (i.e., monopole, dipole,
quadrupole, and other multipole-like radiators), as described through an acoustic radiation impedance matrix
(Junger and Feit, 1972) may be determined in a few simple steps as follows. First, we use (3) and (9) in second
of (1) to express the total acoustic pressure in the borehole in the spherical coordinate systempðr; h;xÞ ¼ iq0xðus þ uc=sÞ ¼ iq0x
X1
n¼0
X1
m¼n
½AmnðxÞhmðkrÞ þ BmnðxÞjmðkrÞPnmðcos hÞ cosðn/Þ: ð38ÞSubstituting (35) in the above expression, the modal acoustic pressure at the surface of the source can be writ-
ten aspmnðr ¼ a1;xÞ ¼ iq0x AmnðxÞhmðka1Þ þ
im
2k
ð2mþ 1Þjmðka1Þ
X1
l¼n
ilAnlðxÞXml
" #
; ð39Þwhere l,m = n,n + 1,n + 2, . . .,N in which N is the truncation constant. The above equation can advanta-
geously be expressed in the matrix formP ¼ SA; ð40Þ
34 S.M. Hasheminejad, H. Hosseini / International Journal of Solids and Structures 45 (2008) 24–47where P = [p0n,p1n,p2n, . . .,pNn]
T, A = [A0n,A1n,A2n, . . .,ANn]
T, and S is a N · N coeﬃcient matrix whose ele-
ments are written asSml ¼ iq0x hmðka1Þdml þ
imlðm nÞ!
2kðmþ nÞ! ð2mþ 1Þjmðka1ÞXml
 
:Similarly, the modal velocities (Eq. (36)) may favorably be expressed in matrix formV ¼ RA; ð41Þ
where V = [v0n,v1n,v2n, . . .,vNn]
T, and the elements of the N · N coeﬃcient matrix areRml ¼ k½h0mðka1Þ þ iZrhmðka1Þdml þ
imlðm nÞ!
2ðmþ nÞ! ð2mþ 1Þ½j
0
mðka1Þ þ iZrjmðka1ÞXml:Finally, making use of Eqs. (40) and (41), the modal pressure vector, P, can be written asP ¼ ZV; ð42Þ
where Z = SR1(N · N) is the so-called acoustic radiation impedance matrix (Hasheminejad and Azarpeyv-
and, 2003) whose elements on principal diameter represent the modal radiation impedance load on the vibrat-
ing spherical surface that can advantageously be written in terms of resistive and reactive components asznnðxÞ ¼ q0c0rnnðxÞ  iq0xa1mnnðxÞ: ð43Þ
This completes the analysis of the problem. Next we consider some numerical examples.
3. Numerical results
In order to illustrate the nature and general behavior of the solution, we present some typical numerical
results in this section. Realizing the large number of parameters involved here while keeping in view the avail-
ability of numerical data as well as our computing hardware limitations, we conﬁne our attention to a partic-
ular model in a speciﬁc frequency range. The ﬂuid contained in the waveguide is assumed to be water at
atmospheric pressure and 300 K (q0 = 1000 kg/cm
3, c0 = 1500 m/s). The borehole is supposed to be of dimen-
sion a2 = 10 cm, and the spherical source may vibrate in any of monopole-like (n = 0), dipole-like (n = 1) or
quadrupole-like (n = 2) modes (see Fig. 1b). It is noteworthy that the ﬁrst two modes (i.e., the pulsating and
the oscillating sources) are of most practical interest as they are well-known to best represent the ‘‘expander’’
and ‘‘shaker’’ type acoustic transducers, respectively (White, 1983). The input parameter values for two dif-
ferent water-saturated poroelastic soils with distinct frame properties, i.e., soft soil: unconsolidated sand
(Lo et al., 2006) and stiﬀ soil: Nivelsteiner sandstone (Carcione et al., 2004), which are used in the calculations
are compiled in Table 1. Also, in order to avoid complications of the interface permeability condition, we have
only considered the limiting case of js =1 (i.e., the fully open interface) in all numerical examples.
Accurate computation of the Bessel functions is achieved by employing the MATLAB (6.1) specialized
math functions ‘‘besselh’’ and ‘‘besselj’’. The precision of the calculated values were checked against the
printed tabulations in the handbook by Abramowitz and Stegun (1965). A MATLAB code was constructed
for treating boundary conditions, to determine the unknown modal coeﬃcients, and to compute the modal
impedance matrix, Z = SR1, as well as the radial displacement and stress magnitudes in the poroelastic for-
mation, as functions of the nondimensional frequency (ka2) and the distance parameter (z/a2). Accurate com-
putations for derivatives of spherical Bessel functions were accomplished by utilizing (10.1.19) and (10.1.22) in
Abramowitz and Stegun’s (1965) handbook. The computations were performed on a Pentium IV personal
computer with a typical computation times of about 24 h for each mode and a truncation constant of
N = 20 to assure convergence in the high frequency range, and also in case of a relatively large source diameter
(a1/a2  1). Moreover, in order to properly evaluate Xml from Eq. (37), keeping in mind that (f = k) is a sin-
gular point of the integrand, the interval of integration is divided into two separate regions: (0 6 f < k), and
(k < f <1). Subsequently, in intervals not including the singular points, the usual numerical integration meth-
ods such as trapezoidal and Simpson rules with small integration steps are employed to evaluate the integrals.
Near the singularity, the numerical integrations are conducted by making use of the classical Gauss quadra-
Table 1
Biot input parameter values
Parameter Unconsolidated sand Nivelsteiner sandstone Ridgeﬁeld sandstone
qs (kg/m
3) 2650 2650 2500
l (N/m2) 6 · 106 (4.55–0.227i) · 109 2.89 · 1010
Ks (N/m
2) 35 · 109 36 · 109 4.99 · 1010
qﬂ (kg/m
3) 1000 1000 1000
Kﬂ (N/m
2) 2.25 · 109 2.223 · 109 2.55 · 109
g (kg/ms) 0.001 0.001 0.001
Ko (N/m
2) 1.25 · 107 (6.21  0.207i) · 109 5.24 · 109
j (m2) 1.1 · 1010 5 · 1012 27.7 · 1012
/0 0.44 0.33 0.37
a 1.63 2.015 1.58
K (m) 5.7 · 105 9 · 108 19.4 · 106
fc (Hz) 390.22 5.21 · 103 1.346 · 103
S.M. Hasheminejad, H. Hosseini / International Journal of Solids and Structures 45 (2008) 24–47 35ture technique (Gerald and Wheatly, 1999) The convergence of numerical integrations are systematically
secured, by increasing the value of upper limit of the integral while looking for steadiness or stability in the
numerical value of the integral, with a minimum second-decimal place accuracy.
Before presenting the main results, in order to verify the overall validity of the work, we ﬁrst used the ‘‘all-
solid’’ (nonpermeable) approximation for the surrounding poroelastic medium (i.e., we set
/0! 0,a!1,js = 0,Ko  Ks) in our general MATLAB code to compute the reﬂected on-axis pressure
amplitude (preﬂ. (R = 0,z,x) = iq0xuc) for monopole oscillations of a very small spherical source (a1! 0,
i.e., we have almost a point source) suspended in a water-ﬁlled cylindrical borehole within a Ridgeﬁeld sand-
stone formation (see Table 1) at selected nondimensional frequencies (ka2 = 0.1,0.15). The outcome, as shown
in Fig. 2a shows good agreement with the ‘‘low-frequency’’ approximation presented by Lee and Balch (1982)
as calculated from his Eq. (10):pðR ¼ 0; z;xÞ ¼ 4xq0QCT
a22
exp  ixz
CT
 
; ð44Þwhere CT ¼ ½1=c20 þ q0=l0:5 represents the tube wave propagation velocity in the borehole, Q = iV0/(8p), in
which V0 is the volume displacement parameter of the point source that may simply be related to our zero-th
order (n = 0) modal surface velocity parameter by 4pa21ðv00Þ ¼ ixV 0 (here V0 = 106 (m3) is assumed in the
calculations). As a second check, we used the ‘‘all-solid’’ (nonpermeable) approximation for the surrounding
poroelastic medium in our general MATLAB code to compute the on-axis radial ﬂuid displacement amplitude
(sR (R = 0,z,x) = ouc/oR) for dipole oscillations of a very small spherical source (a1! 0) suspended in a
water-ﬁlled cylindrical borehole within a Ridgeﬁeld sandstone formation (Table 1) at selected nondimensional
frequencies (ka2 = 0.02,0.4). The outcome, as shown in Fig. 2b shows good agreement with the approximation
presented by Kurkjian and Chang (1986) as calculated from their Eq. (40):sRðR ¼ 0; z;xÞ ¼ ex
2V 0
4pv2s z
exp
ixz
vs
 
; ð45Þwhere vs ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l=qs
p
is the shear wave velocity in the elastic formation, e  0 is the distance between two mono-
pole point sources, and the volume displacement parameter of the point source may simply be related to our
dipole-like modal surface velocity parameter by ð4pa21Þv11 ¼ ixV 0 (here e = 104(m) and V0 = 106 (m3) are
assumed in the calculations). As a further check, we once again used the ‘‘all-solid’’ approximation for the
surrounding medium to compute the radial solid material displacement amplitude (|uR (R,/ = 0, z = 0,x)|/
a2) versus the radial parameter (r/a2) for dipole oscillations of a very small spherical source in a very small-
radius cylindrical borehole (a1! 0,a2! 0) within a Ridgeﬁeld sandstone formation (Table 1) at selected non-
dimensional frequencies (ka2 = 0.1,1.0). The outcome, as shown in Fig. 2c displays good agreement with the
approximation presented by Ben-Menahem and Kostek (1991) as calculated from their Eq. (A-19):
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Fig. 2. (a) Reﬂected on-axis pressure amplitude for monopole oscillations of a very small spherical source suspended in a water-ﬁlled
cylindrical borehole within an all-solid Ridgeﬁeld sandstone formation at selected nondimensional frequencies. (b) On-axis radial ﬂuid
displacement amplitude for dipole oscillations of a very small spherical source suspended in a water-ﬁlled cylindrical borehole within an
all-solid Ridgeﬁeld sandstone formation at selected nondimensional frequencies. (c) Radial solid material displacement amplitude versus
the radial parameter for dipole oscillations of a very small spherical source in a very small-radius cylindrical borehole within an all-solid
Ridgeﬁeld sandstone formation at selected nondimensional frequencies.
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4pvpðkþ 2lÞr exp
ixr
vp
 
; ð46Þ
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Fig. 3. Change in the resistive component of the acoustic radiation impedance load with nondimensional frequency for the monopole, the
dipole, and the quadrupole modes for selected source sizes, source internal impedance parameters, and soil types.
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðkþ 2lÞ=qsp is the compressional wave velocity of the formation, and M0 = exvpqsV0 is the moment of
the dipole source. As a ﬁnal check, we next used the ‘‘all-ﬂuid’’ surrounding medium approximation (Hashe-
minejad and Hosseini, 2002) in our general MATLAB code (i.e., we set js!1, /0! 1,a! 1,
Ko! 0,l! 0,g! 0) to compute the resistive and reactive components of the modal impedance load on a
ﬁnite-size spherical source in a boundless ideal compressible ﬂuid medium as functions of excitation frequency.
The results, which are not displayed for briefness exhibited excellent agreement with the classical curves pre-
sented in Figs. 6.3 and 6.4 of Junger and Feit’s (1972) monograph. This simply implies that there is no imped-
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Fig. 4. Change in the inertial component of the acoustic radiation impedance load with nondimensional frequency for the monopole, the
dipole, and the quadrupole modes for selected source sizes, source internal impedance parameters, and soil types.
38 S.M. Hasheminejad, H. Hosseini / International Journal of Solids and Structures 45 (2008) 24–47ance mismatch at the interface in the ‘‘all-ﬂuid’’ limit, as we eﬀectively get no wave reﬂections (interferences)
from the borehole boundary.
Figs. 3 and 4 display the change in the resistive and the inertial components of the acoustic radiation imped-
ance load with nondimensional frequency for the monopole (n = 0), the dipole (n = 1), and the quadrupole
(n = 2) modes for selected source sizes (a1/a2 = 0.5,0.9), source internal impedance parameters (Zi/Zo = 1
and inﬁnite), and soil types (i.e., stiﬀ and soft soils). The most important observations are as follows. The
modal impedance values associated with the stiﬀ soil are noticeably higher in overall magnitude at low and
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S.M. Hasheminejad, H. Hosseini / International Journal of Solids and Structures 45 (2008) 24–47 39intermediate frequencies, especially in case of the modal reactance values for the monopole source (which
points to the relatively large ‘‘added mass’’ eﬀects in this case (Junger and Feit, 1972)). At high nondimen-
sional frequencies the modal impedance magnitudes for soft and stiﬀ soils are fairly comparable. Increasing
source size at low and intermediate frequencies leads to a notable increase in the modal impedance values.
As the excitation frequency increases, the eﬀect of source size diminishes. Increasing internal impedance of
the source has nearly no eﬀect on the modal resistance values at very low frequencies, while it is of remarkable
(moderate) consequence at intermediate (high) frequencies. On the other hand, increasing internal impedance
of the source has a lightly increasing eﬀect on the modal reactance (added mass) values at low frequencies,
while it has a small eﬀect at intermediate and high frequencies. In particular, we note that the diﬀerence
between the modal impedance curves of the low and high impedance sources are higher for the stiﬀ soil in
comparison with those of the soft soil, especially at intermediate frequencies. The most interesting observation
is perhaps the fact that modal resistance magnitudes associated with the monopole (dipole) source of high
internal impedance (Zi/Zo =1) vibrating in a stiﬀ soil at low (intermediate) frequencies are notably higher
than those for the soft soil. This implies that the pulsating (shaking) hard source is an eﬃcient projector of
sound energy in the stiﬀ soil at low (intermediate) frequencies. As expected, the above eﬀect almost completely
disappears as the internal impedance of the source is decreased to Zi/Zo = 1.
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Fig. 6. Variation in the normalized radial solid material displacement amplitude with depth for the monopole, the dipole, and the
quadrupole modes for selected source sizes, source internal impedance parameters, soil types, and receiver positions (z = 0,2a2) at selected
nondimensional frequency (ka2 = 1).
40 S.M. Hasheminejad, H. Hosseini / International Journal of Solids and Structures 45 (2008) 24–47To assess the eﬀects of various parameters on the induced elastic wave ﬁeld, it is constructive to compute
the radial components of the solid material displacement and stress in the surrounding poroelastic medium
(Lee and Balch, 1982; Kurkjian and Chang, 1986; Ben-Menahem and Kostek, 1991). In doing so, we assume
that the spherical source vibrates in monopole-, dipole-, or quadrupole-like modes with the following choices
for their modal strengths (Mechel, 2002):Mono-modal excitation : v00 ¼ 1; vij ¼ 0 ði; j 6¼ 0Þ;
Di-modal excitation : v11 ¼ 1; vij ¼ 0 ði; j 6¼ 1Þ;
Quadru-modal excitation : v22 ¼ 1; vij ¼ 0 ði; j 6¼ 2Þ:
8><
>: ð47ÞUsing the above velocity proﬁles, the unknown modal coeﬃcients Amn(x) may readily be calculated from (36).
Subsequently, in view of the Eqs. (20), (22), and (25), while keeping in mind the numerical integration proce-
dure explained earlier for evaluating Xml, the radial component of the solid material displacement may be
computed from
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Fig. 7. Variation in the normalized radial solid material displacement amplitude with depth for the monopole, the dipole, and the
quadrupole modes for selected source sizes, source internal impedance parameters, soil types, and receiver positions (z = 0,2a2) at selected
nondimensional frequency (ka2 = 10).
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þ n=RÞb6nðf;xÞHnðctRÞð geifz cosðn/Þdf: ð48ÞFig. 5–7 display the variation in the normalized radial displacement amplitude (|uR(R,/,z,x)|/a2) with depth
(i.e., along the x-axis) for a monopole, a dipole, and a quadrupole source for selected nondimensional frequen-
cies (ka2 = 0.1,1,10), soil types, and receiver positions (z = 0,2a2). Comments very similar to above remarks
can readily be made. The most important distinctions are as follows. First, keeping in mind that the Biot crit-
ical frequency associated with the soft soil is about an order of magnitude smaller than that for the stiﬀ soil
(soft soil: kca2 = xca2/c0 = 0.16, stiﬀ soil: kca2 = xca2/c0 = 2.1; see Table 1), the overall decrease (increase/de-
crease) in the magnitudes of the solid material displacements with increasing excitation frequency for the soft
(stiﬀ soil) soil is well-justiﬁed. Also, increasing source size at low (ka2 = 0.1) and intermediate (ka2 = 1) fre-
quencies, respectively, leads to notable and moderate increase in surrounding material displacement ampli-
tudes. This observation can be of important consequence in geophysical applications where the downhole
radiator is generally modeled by an inﬁnitesimal point source rather than a source of ﬁnite dimension. At high
excitation frequencies (ka2 = 10), the eﬀect of source size becomes of less importance. Furthermore, while
Fig. 8. Spatial distribution of the normalized radial stress magnitude in the elastic frame in the neighborhood of the borehole for the
monopole, the dipole, and the quadrupole sources vibrating at selected excitation frequencies (ka2 = 0.1), and for selected size parameter
(a1/a2 = 0.9), source impedance (Zi/Zo =1) and soil types.
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quency, it is of notable inﬂuence at intermediate and high frequencies, especially for larger source size vibrat-
ing in monopole or dipole-like modes. Lastly, comparison of the displacement amplitudes along the source
axis (z = 0 i.e., the ﬁrst two columns in Fig. 5–7) with those above the source axis (z = 2a2; second two col-
umns) evidently points to the stronger dissipation of acoustic energy in the soft soil in comparison to the stiﬀ
soil. Furthermore, the stronger oscillations in the displacement curves observed for the top receiver position
(z = 2a2) in comparison with those of the adjacent position (z = 0) may be directly linked to the higher multi-
ple scattering and boundary reﬂection eﬀects in the latter case.
Fig. 8–10 show the spatial distribution of the normalized radial stress magnitude in the elastic frame,
jrRRðR;/; z;xÞj=ðq0c20Þ, in the neighborhood of the borehole for a monopole (n = 0), a dipole (n = 1) and a
quadrupole (n = 2) source vibrating at selected source excitation frequencies (ka2 = 0.1,1,10), and for selected
size parameter (a1/a2 = 0.9), source impedance (Zi/Zo =1) and soil types. The most important interesting
observation is perhaps the fact that increasing the mode number leads to an increase in propagation of acous-
tic energy normal to the borehole boundary (i.e., along the x-axis), especially at low and intermediate frequen-
cies (ka2 = 0.1,1) and for soft soil. In particular, we note a distinct concentration of acoustic energy along the
borehole boundary for monopole oscillations within a stiﬀ soil in the ﬁrst rows of Figs. 8 and 9. Thus, increas-
Fig. 9. Spatial distribution of the normalized radial stress magnitude in the elastic frame in the neighborhood of the borehole for the
monopole, the dipole, and the quadrupole sources vibrating at selected excitation frequencies (ka2 = 1), and for selected size parameter
(a1/a2 = 0.9), source impedance (Zi/Zo =1) and soil types.
S.M. Hasheminejad, H. Hosseini / International Journal of Solids and Structures 45 (2008) 24–47 43ing the source excitation frequency causes a remarkable increase in the energy distribution within the sur-
rounding medium normal to the borehole boundary, especially for the pulsating (n = 0) source. This suggests
that while the dipole and quadrupole sources can be used as eﬃcient projectors of sound energy within the
surrounding medium normal to the borehole boundary at low and intermediate frequencies, the monopole
type transducer is only eﬃcient along the borehole boundary at these frequencies. As the excitation frequency
increases, this diﬀerence disappears (see Fig. 10).4. Conclusions
Modal acoustic impedance curves have been generated for a ﬁnite-size spherical radiator positioned at the
center of a ﬂuid-ﬁlled cylindrical cavity embedded within a ﬂuid-inﬁltrated unbounded poroelastic medium.
The corresponding radial displacement/stress amplitudes induced within the surrounding permeable forma-
tion are also calculated. These results are the product of an exact treatment of the ﬂuid/structure interaction
that involves utilizing Biot’s dynamic model in combination with the cylindrical to spherical (and vice versa)
wave-ﬁeld transformations and the pertinent boundary conditions. The numerical results reveal the important
eﬀects of source excitation frequency, size, surface velocity proﬁle, and internal impedance as well as soil type
Fig. 10. Spatial distribution of the normalized radial stress magnitude in the elastic frame in the neighborhood of the borehole for the
monopole, the dipole, and the quadrupole sources vibrating at selected excitation frequencies (ka2 = 10), and for selected size parameter
(a1/a2 = 0.9), source impedance (Zi/Zo =1) and soil types.
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and intermediate frequencies the modal reactance values (‘‘added mass’’ eﬀects) associated with the stiﬀ soil
are noticeably higher in overall magnitude in comparison with those of the soft soil, especially for the high
internal impedance monopole source. Increasing source size at low and intermediate frequencies leads to a
notable increase in the modal impedance amplitudes. As the excitation frequency increases, the eﬀect of source
size diminishes. While increasing internal impedance of the source has nearly no eﬀect on the modal resistance
values at very low frequencies, it is of remarkable (moderate) consequence at intermediate (high) frequencies.
In contrast, increasing source impedance has a small eﬀect on the modal reactance values (added masses) at
intermediate and high frequencies. In particular, the modal resistance amplitudes associated with the mono-
pole (dipole) source of high internal impedance vibrating in a stiﬀ soil at low (intermediate) frequencies are
notably higher than those for the soft soil, which implies that the pulsating (shaking) hard source is expected
to be an eﬃcient projector of sound energy in the stiﬀ soil at low (intermediate) frequencies. Furthermore,
increasing source size at low (intermediate) excitation frequencies can lead to a notable (moderate) increase
in the displacement amplitudes in the surrounding medium which is of important consequence in seismo-
acoustic and geophysical applications where the downhole radiator is generally modeled by an inﬁnitesimal
S.M. Hasheminejad, H. Hosseini / International Journal of Solids and Structures 45 (2008) 24–47 45point source. Moreover, increasing source impedance has an almost negligible eﬀect on the displacement
amplitudes at the low frequencies, while it is of notable inﬂuence at intermediate and high frequencies, espe-
cially for larger source size vibrating in monopole or dipole-like modes. It has also been demonstrated that
increasing the mode number (order) of the source leads to an increase in penetration of acoustic energy into
the surrounding medium (i.e., normal to the borehole boundary), especially in the soft soil at low and inter-
mediate frequencies. Speciﬁcally, a distinct concentration of acoustic energy along the borehole interface for
monopole oscillations at low and intermediate frequencies within the stiﬀ soil is observed. Thus, it is concluded
that while the dipole- and quadrupole-like sources can be used as eﬃcient projectors of sound energy into the
surrounding medium (normal to the borehole boundary) at low and intermediate frequencies, the monopole
type (pulsating) transducer is an eﬃcient projector along the borehole interface at these frequencies. As the
excitation frequency increases, this distinction fades.Appendix
The Cij elements are expressed asC11 ¼ iq0xa22Hnðca2Þ=2l; C12 ¼ iq0xa22Jnðca2Þ=2l;
C13 ¼ ½afk2f a22=2lþ nðn 1Þ  a22c2f Hnðcfa2Þ þ cfa2Hnþ1ðcfa2Þ;
C14 ¼ ½ask2sa22=2lþ nðn 1Þ  a22c2s Hnðcsa2Þ þ csa2Hnþ1ðcsa2Þ;
C15 ¼ ½nðn 1Þ  c2t a22Hnðcta2Þ þ cta2Hnþ1ðcta2Þ; C16 ¼ ½nðn 1ÞHnðcta2Þ  ncta2Hnþ1ðcta2Þ;
C21 ¼ nHnðca2Þ þ ca2Hnþ1ðca2Þ; C22 ¼ nJnðca2Þ þ ca2Jnþ1ðca2Þ;
C23 ¼ ix½1þ /0ð1 lfÞ½nHnðcfa2Þ  cfa2Hnþ1ðcfa2Þ;
C24 ¼ ix½1þ /0ð1 lsÞ½nHnðcsa2Þ  csa2Hnþ1ðcsa2Þ;
C25 ¼ ix½1þ /0ð1 a0Þ½nHnðcta2Þ  cta2Hnþ1ðcta2Þ; C31 ¼ iq0xjsa2Hnðca2Þ;
C26 ¼ inx=a2½ð/0  1Þ  a0/0Hnðcta2Þ; C32 ¼ iq0xjsa2Jnðca2Þ;
C33 ¼ ½ix/0nð1 lfÞ  jsbfMk2f a2Hnðcfa2Þ  ix/0cfa2ð1 lfÞHnþ1ðcfa2Þ;
C34 ¼ ½ix/0nð1 lsÞ  jsbsMk2sa2Hnðcsa2Þ  ix/0csa2ð1 lsÞHnþ1ðcsa2Þ;
C35 ¼ ix/0ð1 a0Þ½nHnðcta2Þ  cta2Hnþ1ðcta2Þ; C36 ¼ inx/0ð1 a0ÞHnðcta2Þ;
C41 ¼ 0; C42 ¼ 0; C43 ¼ 2f2½nHnðcfa2Þ  cfa2Hnþ1ðcfa2Þ;
C44 ¼ 2f2½nHnðcsa2Þ  csa2Hnþ1ðcsa2Þ; C45 ¼ ðc2t  f2Þ½nHnðcta2Þ  cta2Hnþ1ðcta2Þ;
C46 ¼ nf2Hnðcta2Þ;C51 ¼ 0;C52 ¼ 0; C53 ¼ 2nð1 nÞHnðcfa2Þ þ 2ncfa2Hnþ1ðcfa2Þ;
C54 ¼ 2nð1 nÞHnðcsa2Þ þ 2ncsa2Hnþ1ðcsa2Þ; C55 ¼ 2n½ð1 nÞHnðcta2Þ þ cta2Hnþ1ðcta2Þ;
C56 ¼ ðc2t a22  2n2 þ 2nÞHnðcta2Þ  2cta2Hnþ1ðcta2Þ:The Qij coeﬃcients are given asQ11 ¼ ðM5M1 M2M4ÞðC31M1  C11M3Þ  ðM6M1 M4M3ÞðC21M1  C11M2Þ; Q31 ¼ C11;
Q12 ¼ ðM5M1 M2M4ÞðC32M1  C12M3Þ  ðM6M1 M4M3ÞðC22M1  C12M2Þ; Q32 ¼ C12;
Q21 ¼ C21M1  C11M2; Q22 ¼ C22M1  C12M2; Q23 ¼ M5M1 M2M4; Q33 ¼ M4;
Q34 ¼ M1; Q41 ¼ 0; Q42 ¼ 0; Q43 ¼ C46  C43C56=C53;
Q44 ¼ C45  C43C55=C53; Q45 ¼ C44  C43C54=C53; Q51 ¼ 0; Q52 ¼ 0;
Q53 ¼ C56; Q54 ¼ C55; Q55 ¼ C54; Q56 ¼ C53;where
46 S.M. Hasheminejad, H. Hosseini / International Journal of Solids and Structures 45 (2008) 24–47M1 ¼ ðC15  C13C55=C53Þ  ½ðC14  C13C54=C53ÞðC45  C43C55=C53Þ=ðC44  C43C54=C53Þ;
M2 ¼ ðC25  C23C55=C53Þ  ½ðC24  C23C54=C53ÞðC45  C43C55=C53Þ=ðC44  C43C54=C53Þ;
M3 ¼ ðC35  C33C55=C53Þ  ½ðC34  C33C54=C53ÞðC45  C43C55=C53Þ=ðC44  C43C54=C53Þ;
M4 ¼ ðC16  C13C56=C53Þ  ½ðC14  C13C54=C53ÞðC46  C43C56=C53Þ=ðC44  C43C54=C53Þ;
M5 ¼ ðC26  C23C56=C53Þ  ½ðC24  C23C54=C53ÞðC46  C43C56=C53Þ=ðC44  C43C54=C53Þ;
M6 ¼ ðC36  C33C56=C53Þ  ½ðC34  C33C54=C53ÞðC46  C43C56=C53Þ=ðC44  C43C54=C53Þ:References
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